Introduction
This note is a shortened and modified version of the publication [17] (there is a free access to the content of the journal "Algebra and Discrete Mathematics" via http://adm.lnpu.edu.ua/index.htm ).
One of the most outstanding problems in Algebra known as the Burnside Problem (on periodic groups) was formulated by Burnside in 1902 and was later split into three branches: the General Burnside Problem, the Bounded Burnside Problem, and the Restricted Burnside Problem. The General Burnside Problem was asking if there exists an infinite finitely generated torsion group. It was answered positively by Golod in 1964 [10] based on Golod-Shafarevich Theorem [11] . The Bounded Burnside Problem was solved by S. P. Novikov and S. I. Adjan [35, 1] . The Restricted Burnside Problem was solved by E. Zelmanov [43, 44] as a corollary of his fundamental results on Lie and Jordan algebras. The problem of Burnside inspired a lot of activity and new directions of research. For solution of these problems, various constructions, and surveys we recommend [1, 2, 41, 36, 21, 13, 24, 27, 43, 44, 26, 29, 23, 42, 25, 6, 19, 4, 38, 8, 39] which contain further information on this topic.
Among various problems around the Burnside problem is the problem on minimal values of periods of elements. In the case of the Bounded Burnside Problem the main remaining open question is: what is the minimal n such that the free Burnside group B(m, n) = a 1 , . . . , a m X n = 1
given by m ≥ 2 generators and the identity X n = 1 is infinite? Is it 5,7,8 or a larger number? (it is known that the exponents 3,4, and 6 produce finite free Burnside groups). By the celebrated result of E. Zelmanov [43, 44] finitely generated torsion group with bounded periods of elements cannot be residually finite. Therefore in a finitely generated residually finite torsion group periods of elements are not uniformly bounded and one can study the growth of the period function as was initiated in [13] . For instance, the group G, constructed by the author in [21] as a simple example of a residually finite 2-group, has polynomial growth of periods and is just-infinite (i.e. it is infinite but every proper quotient of it is finite). Therefore making the order of any element of G smaller will make the group finite.
Fixing the number of generators m ≥ 2 one may be interested in the minimal values of orders of generators, of products of their powers, of products of length 3 etc, that m-generated infinite residually finite torsion group may have. The case of p-groups is of special interest because of many reasons. For m = 2 the order 2 for the generators x, y is impossible because the group would be a dihedral group in this case. As we will see, the orders 2 and 4 (and 8 for the product xy) are possible values, while the triple 2, 4, 4 is not possible (because the corresponding group is crystallographic). Starting with m = 3 the orders of generators may take the minimal possible value 2, and we come to the question on torsion quotients of Coxeter groups, which is the main topic of this note. As Coxeter groups are generated by involutions it is natural to investigate their 2-torsion quotients.
Recall that a Coxeter group can be defined as a group with a presentation
where m i,j ∈ N ∪ {∞} (the case m i,j = ∞ means that there is no defining relator involving x i and x j ). If m ij = 2 this means that x i and x j commute. A Coxeter group can be described by a Coxeter graph Z. The vertices of the graph are labeled by the generators of the group C, the vertices x i and x j are connected by an edge if and only if m i,j ≥ 3, and an edge is labeled by the corresponding value m ij whenever this value is 4 or greater. If a Coxeter graph is not connected, then the group C is a direct product of Coxeter subgroups corresponding to the connected components. Therefore we may focus on the case of connected Coxeter graphs. If we are interested in 2-torsion quotients of C, then one has to assume that m ij are powers of 2 or infinity. In order for C to have infinite torsion quotients it has to be infinite and not virtually abelian. The list of finite and virtually abelian Coxeter groups with connected Coxeter graphs is well known. A comprehensive treatment of Coxeter groups can be found in M. Davis' book [7] . Theorem 1.1. Let C be a non virtually abelian Coxeter group defined by a connected Coxeter graph Z with all edge labels m ij being powers of 2 or infinity. If Z is not a tree or is a tree with ≥ 4 vertices, or is a tree with two edges with one label ≥ 4 and the other ≥ 8, then the group C has uncountably many 2-torsion quotients. Moreover these quotients can be chosen to be residually finite, just-infinite, branch 2-groups of intermediate growth and the main property that distinguishes them is the growth type of the group. The proof of the theorem is based on the properties of the group G and of the groups of intermediate growth from the uncountable family {G ω | ω ∈ Ω} constructed in [13] , which includes (and generalizes) the example G (some information about groups G ω will be provided below).
The definition of a branch group is a bit involved and we direct the reader to [16, 15, 4] for more information on branch groups. A group G is a branch group if it has a strictly decreasing sequence {H n } ∞ n=0 of normal subgroups of finite index with trivial intersection, satisfying the following properties:
for n = 1, 2, . . . , there is a decompositions of H n into the direct product of N n = m 1 m 2 . . . m n copies of a group L n such that the decomposition for H n+1 refines the decomposition for H n (in the sense that each factor of H n contains the product of m n+1 factors of the decomposition of H n+1 ), and for each n the group G acts transitively by conjugation on the set of factors of H n . Branch groups constitute one of three classes into which the class of just-infinite groups naturally splits and they appear in various situations [16, 3, 34, 5] .
The natural language to work with branch groups is via their actions on regular rooted trees as described in [16, 20, 4] . Then, by definition, a group G acting by automorphisms on a binary rooted tree T (without change the definition holds also for arbitrary spherically homogenous rooted tree) is branch if it acts transitively on levels and for any n ≥ 1 the rigid stabilizer rist G (n) of level n has finite index in G. (Rigid stabilizer of level n is the subgroup generated by the rigid stabilizers of the vertices at level n, and the rigid stabilizer of a vertex u is the subgroup of G acting trivially outside the subtree T u with root u). Observe that rist G (n) is the direct product of rist G (u), where u runs over the set of vertices of level n, which makes a link to the algebraic definition given before.
Let st G (1) be the stabilizer of the first level. Then ψ : st G (1) → A × B is an embedding, where A and B are the projections of G on the left and right, respectively, rooted subtree of T with roots at the first level.
The groups G ω , ω ∈ Ω 1 (the sets Ω, Ω 0 , Ω 1 will be defined later), and in particular the group G, are branch, just-infinite groups [13, 16] (the term branch group is not used in [13] as at the time of writing of the paper there was no definition of this class of groups, but the proof of [13, Theorem 2.2] implies the branch property).
The subgroups b, ac , c, ad , d, ab of index 2 in G, and the corresponding subgroups b ω , ac ω , c ω , ad ω , d ω , ab ω of index 2 in G ω , ω ∈ Ω 0 are also branch, because they act transitively on binary tree T as one can easy check or apply the criterion from [16, Theorem 2] . As any proper quotient of a branch group is virtually abelian [16, Theorem 4] , and as all groups G ω , ω ∈ Ω 0 are branch 2-groups, they are just-infinite, as well as are just-infinite the subgroups of index 2 listed above.
A finitely generated group has intermediate growth if the growth function γ(n), counting the number of elements of length at most n, grows faster than any polynomial but slower than any exponential function λ n , for λ > 1. We use Milnor's equivalence on the set of growth functions of finitely generated groups:
For a given finitely generated group the class of equivalence of its growth function does not depend on the choice of a finite generating set and is called the growth degree of the group. It is shown in [13] that there are uncountably many growth degrees of finitely generated groups and, moreover, the partially ordered set of growth degrees of finitely generated groups contains both chains and antichains of continuum cardinality. Some additional information about the growth properties of the family {G ω }, ω ∈ Ω 1 will be provided in the next section.
Preliminary facts
The group G was defined in [21] as a group generated by four interval exchange transformations a, b, c, d of order 2 acting on the interval [0, 1] from which the diadic rational points are removed. From the definition it immediately follows that the generators satisfy the relations
(this list of relations is not complete). The branch algorithm for decision of the word problem described in [13] is very efficient and has time (or space) complexity n log(n). As shown by I. Lysënok [28] , G can be described by the following presentation
where α is the substitution α :
It is very interesting and surprising that the relators in Lysönok presentations are words of power at most 8, as we know nothing about the free Burnside group of exponent 8. The group G is not finitely presented, and it is shown in [14] that the relators given in (2.1) are independent (i.e., none of them can be deleted from the set of relators without changing the group). The relation bcd = 1 implies that the group G is 3-generated, but it is usually convenient to work with the generating set A = {a, b, c, d}, because together with the identity element it constitutes the so called nucleus of the group, an important tool in the study of self-similar groups [34] . Excluding the generator b we see that G is a homomorphic image of the group Ξ.
For the proof of Theorem 1.1 we will use the construction of an uncountable family of groups G ω , where ω ∈ Ω = {0, 1, 2} N described in [13] for which the group G is a particular case corresponding to the sequence ς = (012) 3-generated) . For the definition of these groups we address the reader to [13, 18] . Originally G ω were defined similarly to G as groups acting on [0, 1] (with removed diadic rational points), but more convenient language to work with them is via action on binary sequences (via identification of a point from [0, 1] with its binary expansion), or via actions by automorphisms on a binary rooted tree T , when we identify vertices of the tree with corresponding binary sequences.
Let Q be a subgroup of Ξ generated by the elements x = a, y = d, z = cac. It is easy to check that Q has index 2 in Ξ and has a presentation
Therefore Q is isomorphic to Φ.
Let Ω 0 ⊂ Ω be the subset consisting of sequences ω which contain each symbol 0, 1, 2 infinitely many times, Ω 1 ⊂ Ω be the set of sequences which contain at least two symbols from {0, 1, 2} infinitely many times, and Ω 2 = Ω \ Ω 1 be the set of sequences ω = ω 1 ω 2 . . . ω n . . . such that ω n = ω n+1 = ω n+2 = . . . starting with some coordinate n. Observe that all sets Ω 0 , Ω 1 , Ω 2 are invariant with respect to the shift τ τ (ω 1 ω 2 ω 3 . . . ) = ω 2 ω 3 . . . in the space of sequences. The groups G ω are virtually abelian for ω ∈ Ω 2 , while the groups G ω , for ω ∈ Ω 1 are just-infinite, branch groups of intermediate growth. Additionally, the groups G ω , for ω ∈ Ω 0 are 2-groups. Profs of these facts are provided by Theorems 2.1, 2.2, 8.1, and Corollary 3.2 in [13] . One of important facts that will be used in the proof of the Theorem 1.1 is that the set of growth degrees of groups G ω , ω ∈ Ω 0 has uncountable cardinality. The word problem for the family G ω , ω ∈ Ω 1 can be solved by algorithm with oracle ω (i.e. the algorithm which uses the symbols of the sequence ω in its work), which we call branch algorithm because of its branching nature [18, 13] . Using this algorithm, or directly from the definition of groups G ω , it is easy to check that if ω begins with symbol 0 then (ad ω ) 4 = 1, if ω = 1 . . . , then (ac ω ) 4 = 1 and if ω = 2 . . . , then (ab ω ) 4 = 1. As we can exclude any of b ω , c ω , d ω from the generating set we see that each of the groups G ω , ω ∈ Ω 1 is a homomorphic image of Ξ. To simplify the situation we assume that ω begins with 0, so (ad ω ) 4 = 1. Let Ω 3 ⊂ Ω 0 be the set of sequences which begin with symbol 0. The proofs of results about growth in [13] allow to conclude that the set of growth degrees of groups from {G ω , ω ∈ Ω 3 } has uncountable cardinality. Moreover the same holds for any set of the form wΩ 0 , where w is arbitrary finite binary sequence.
The results from [13] also show that the group G ω , ω ∈ Ω 1 is abstractly commensurable with G τ (ω) × G τ (ω) and therefore the growth of G ω is equal to the square of the growth of G τ (ω) .
Proof of the theorem
Proof. First we show that a Coxeter group C, satisfying the condition of the theorem 1.1 can be mapped onto one of Coxeter groups Ξ, Φ, Υ, or Π. This will reduce the proof to these groups. Indeed everything will be deduced from the fact that the group Ξ satisfies the conclusion of the theorem.
Assume that the graph Z is not a tree, so it contains a cycle of length ≥ 3 consisting of vertices x i1 , x i2 , . . . , x i k for some 3 ≤ k ≤ n. Taking the quotient of C by the normal subgroup generated by the generators x j which do not belong to this cycle, we can pass to the case when the graph Z is a cycle. Taking the quotient by the relation x i1 = x i2 (if the length of the cycle is greater than 3) we make the cycle shorter. After finitely many steps of this type we come to the case when the length of the cycle is 3. Then making the further factorization by replacing the numbers m i,j ≥ 8 by m i,j = 4, we map C onto Φ.
If Z is a tree, passing to an appropriate quotient reduces the situation to the case when the graph Z looks like a "segment" (all vertices are of degree ≤ 2) with 3 or 4 vertices, and labeling of edges given by the set {4, 8} or {4, 4, 4}) respectively, or like a tripod "Y" (i.e. is a tree with four vertices, one of degree 3 and three leaves) with all edges labeled by 4, which correspond to the cases of groups Ξ, Υ and Π respectively.
We already know from the previous section that Ξ has uncountably many quotients G ω , ω ∈ Ω 3 , with different types of growth which are branch just-infinite 2-groups. Φ is a subgroup of index 2 in Ξ. Let Q ω be the corresponding quotient of Φ in G ω of index 2. Obviously Q ω is 2-group and has the same growth type as G ω . The group Q ω (as well as G ω ) acts on binary rooted tree T , and for branch property we need only to show that the action is level transitive because for each n the rigid stabilizer rist Qω (n) has index ≤ 2 in rist Gω (n). But Q ω acts transitively on the first level and both projections of st Qω (1) are equal to the subgroup R ω = d τ (ω) , ac τ (ω) which is of index 2 in G τ (ω) . This subgroup also acts transitively on the first level and both projections of st Rω (1) are equal to the group G τ 2 (ω) , which is branch. Therefore R ω and Q ω act transitively by [16, Theorem 4] and are branch groups. We conclude that Φ has uncountably many quotients satisfying conclusion of theorem 1.1. Now we are going to consider the case of Υ. Let Λ be a subgroup of index 2 in Φ generated by the elements u = xy, v = xz. Then Λ has a presentation
Consider the subgroup S of G generated by the elements ad and (ac) 2 . It is a quotient of Λ with respect to the map
Computations show that ψ(st S (1)) is a subgroup in G × G generated by the pairs (b, b), (da, ad), (bac, da), (badac, (da)
2 ), and the projections of this subgroup on each factor is the group b, ac = b, ad , which has index 2 in G and is branch. Therefore S acts transitively on levels, is branch, and just-infinite.
Let S ω , for ω ∈ Ω 3 be the subgroups of G ω generated by ad ω and (ac ω ) 2 . Then the relators of Λ are also relators of S ω with respect to the map
The image ψ(st Sω (1)) is a branch subgroup b ω , ac ω of index 2 in G ω . Therefore S ω is also branch, just-infinite and has the same growth type as G ω . LetΛ be any of the 2-quotients S ω of Λ given by the previous arguments, and let u, v be the set of generators ofΛ which are the images of the generators of Λ (we keep the same notation for them). Consider the groupΛ 1 , acting on binary rooted tree T , generated by the element a of order two (permutation of two subtrees T 0 , T 1 with roots at the first level) and the elements b = (1, v), c = (u, u), d = (v, v) , where u, v and the identity element act on the left or right subtree respectively (in a same way they act on the whole tree; here we use the self-similarity of the binary tree). Then a commutes with c and d, b commutes with d, and (ab) 4 = (bc) 4 = (cd) 4 = 1, so the group is a quotient of Υ. The ψ-image of stabilizer of the first level ofΛ 1 is a subdirect product ofΛ ×Λ and contains the group D × D where D is the normal closure of v inΛ. AsΛ is just-infinite, D has finite index in Λ. Therefore the growth ofΛ 1 is equal to the square of the growth ofΛ. It is clear thatΛ 1 is branch and just-infinite. As the set of squares of growth degreesΛ has uncountable cardinality, we are done with this case. Now consider the last case of the group Π. Let G = G ω , ω ∈ Ω 3 be a 2-group, whose generators will be denoted The ψ-image of st V (1) is a subdirect product of G×G and contains A×A, where A is the normal closure of a in G (A has finite index in G, as G is just-infinite). V acts transitively on levels and therefore is branch and just-infinite. The growth of V is the square of the growth of G ω . Therefore Π has uncountably many quotients satisfying the statement of the theorem.
Concluding remarks
In 2006, J. Wiegold raised the following question in Kourovka Notebook [31, 16.101] . Do there exist uncountably many infinite 2-groups that are quotients of the group ∆ = x, y x 2 , y 4 , (xy)
The problem is motivated by the following comment by J. Wiegold "There certainly exists one, namely the subgroup of finite index in Grigorchuk's first group generated by b and ad; see (R. I. Grigorchuk, Functional Anal. Appl., 14 (1980), [41] [42] [43] ." Immediately after the appearance we informed one of the Editors of Kourovka Notebook, I. Khukhro, that the answer to the question is positive, and that the results of [13] can be easily used to provide a justification. Unfortunately, it took some time for the author to write the corresponding text, and he is finally presenting his arguments in this note. Different argument has been used recently in the article [32] and the authors were notified of the approach given here (they acknowledgment this fact at the end of Section 2).
Let L be a subgroup of Ξ generated by x 1 = ac, x 2 = ad. Then L is a subgroup of index 2 in Ξ, has a presentation
and therefore is isomorphic to the group ∆ via the map x → x −1 1 x 2 , y → x 1 . Let L ω be the subgroup of G ω of index 2 generated by ac ω and ad ω . Then, if ω begins with 0 (and so (ad ω ) 4 = 1), the group L ω is a homomorphic image of ∆. As the set of growth degrees of groups L ω , ω ∈ Ω 0 , ω = 0w 2 . . . has cardinality 2 ℵ0 we get the affirmative answer to the Wiegold question. Obviously L ω are 2-groups. One can show that they are branch and just-infinite as it is shown in [17] . Observe that alternatively the groups L ω can be defined as groups generated by elements x = b ω , y = ad ω as was suggested by Wiegold in the case of G, and that L ω satisfy the relations 1 = x 2 = y 4 = (xy) 8 = (xy 2 )
16
(the provided list of defining relations in not complete). It is unclear if the power 16 in the last relation can be replaced by 8, i.e. if there is an infinite 2-generated 2-group the set of defining relations of which starts with
There are other approaches for construction of infinite torsion quotients of Coxeter groups. For instance, for those Coxeter groups which can be mapped onto non-elementary hyperbolic groups (in Gromov sense [22] ), or which are "large" groups in the sense of S. Pride [40, 9] (a group is "large" if it has a subgroup of finite index that can be mapped onto a free group of rank 2), the results and constructions from [25, 37, 8, 32] can be used.
The criterion for a Coxeter group defined by a connected Coxeter graph to be non-elementary hyperbolic, given by G. Moussong in [33] , requires that each Coxeter subgroup generated by a subset {x i , x j , x k } of three generators is a hyperbolic triangular group, i.e. a group isomorphic to the group T * m,n,q = x, y, z
The groups Ξ and Φ are non-elementary hyperbolic and, as was indicated by T. Januszkiewicz, the groups Υ and Π can be mapped onto non-elementary hyperbolic groups. Therefore all these groups have uncountably many homomorphic torsion images of bounded degree according to [32] .
Indeed, all Coxeter groups which are not virtually abelian are "large", which is a particular case of the results by G. Margulis and E. Vinberg from [30] . This fact was also proved independently by C. Gonciulea, as is indicated in the A. Lubotzki's review [MR1748082 (2001h:22016)] to [30] , but published only in a weaker form [12] . Therefore in view of the results from [37, 32] , for any prime number p and any Coxeter group C that is not virtually abelian, there is 2 ℵ0 pairwise non isomorphic quotients of C which are residually finite virtually p-groups. It is pointed out by T. Januszkiewicz that it is possible that every Coxeter group that is not virtually abelian has a non-elementary hyperbolic quotient (perhaps this is a known fact). If this is the case, then every Coxeter group that is not virtually abelian has uncountably many torsion quotients of bounded exponent. Problem 1. Let p ≥ 5 be a prime. Does there exists a residually finite p-group generated by two elements x, y subject to the relations x p = y p = (x i y j ) p = 1, 1 ≤ i, j ≤ p − 1? Can such a group have additionally some other finiteness properties (for instance in the spirit of theorem 1.1)?
The prime p = 3 is excluded for obvious reasons. Observe that the quotient G of Ξ is a self-similar group (historically it is the first example of a non elementary self-similar group; more on self-similar groups see in [3, 34] ). The groups Q = Q ς ,Λ 1 , V used in the proof of theorem 1.1, which are quotients of groups Φ, Υ and Π respectively, are not self-similar. It would be interesting to find self-similar torsion quotients of Φ, Υ and Π if they exist (or to show that there is no such quotients).
